In this paper, we refine the method introduced by Izadi and Baghalaghdam to search integer solutions to the Diophantine equation
Introduction
In [2] , Izadi and Baghalaghdam consider the Diophantine equation:
where n, m ∈ N ∪ {0}, a, b = 0, a i , b i are fixed arbitrary rational numbers. They use theory of elliptic curves to find nontrivial integer solutions to (1) . In particular, they discuss the equation:
(2)
and obtain integer solutions, for example: 8 5 + 6 5 + 14 5 = (−110) 3 + 124 3 + 14 3 , 128122 5 + (−79524) 5 + 48598 5 = 359227580 3 + (−251874598) 3 + 107352982 3 . However, no positive solutions are presented in their paper [2] . In this paper, we refine their method to find positive solutions to (2) .
Consider the Diophantine equation (2) . Let:
(3)
Then we get a quartic curve:
3 with parameters x 1 , α, β ∈ Q. If we get a rational point (t, v) on C, we can compute a rational solution to (2) (see [2] ).
Once we obtain rational solutions to (2), we can obtain integer solutions by multiplying an appropriate value to X i , Y i . In the same way, in order to obtain solutions in positive integers, it suffices to search positive rational solutions to equation (2).
Additional Requirements for Positive Solutions
Suppose that a positive rational solution (X i , Y i ) 1≤i≤3 to (2) is obtained from a given point (t, v) on the quartic C. Proposition 1. Let:
If there is a positive rational solution to (2) from a rational point (t, v) on the quartic (4), then:
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Proof. (i) Suppose α < 0, then we have X 3 > 0 and t < 0. Then X 1 or X 2 is negative. Hence we have α > 0. In the same way we can obtain
(iv) It is easy to see from
Proposition 2. Under the same assumption as Prop.1, let:
Then a, b, c satisfy b 2 − 4ac > 0 and b < 0 if and only if there exists a real number t such that F (t) < t 2 .
Proof. LetF (t) = F (t) − t 2 . SinceF (0) = 3x 4 1 /5 ≥ 0, and in this case a > 0, it is easy to see that the latter condition is equivalent to any one of the following conditions:
(i) There exists a real number t such that F (t) < t 2 .
(ii) The equationF (t) = 0 has four distinct solutions. The last condition is equivalent to "b 2 − 4ac > 0 and b < 0" since a > 0 and f (0) = c = 3x 4 1 /5 ≥ 0.
Example for
The author has searched parameters (x 1 , α, β) that satisfy Prop.1(i), Prop.2 and such that the quartic curve C has at least one rational point. Then we may regard C as an elliptic curve over the rational field Q. If it has positive rank, C has infinitely many rational points.
Let (x 1 , α, β) = (2, 1, 16). Then the quartic:
has a rational point (t, v) = (44, 760). This quartic curve C is birationally equivalent over Q to the cubic elliptic curve (see [2] ):
where:
Using the Sage software we find that the cubic curve E is an elliptic curve which has rank 2 and the generators of E are:
We now consider Prop.1(ii), (iii). The two quartic equations:
have respectively solutions:
Let us take larger solutions as: If a 1 ≤ t 0 ≤ a 2 , then t 0 satisfies Prop.1.(ii), (iii). We use algorithm of E. Since E has positive rank, we can check infinitely rational points of E till finding a point (t 0 , v 0 ) on C satisfying Prop.1.(ii), (iii). We find that the rational point on E:
creates a positive rational solution: Next we shall prove that the Diophantine equation (2) has infinitely many positive solutions. The real locus of elliptic curve E(R) can be regarded as a compact topological subspace of complex projective variety E. Proof. The part of C which satisfies Prop.1(ii), (iii) has one rational point which corresponds to the above point Q. By lemma 1, the rational point is an accumulation point of C(Q) in C(R). Thus the part of C includes infinitely many rational points. Since 2 = |x 1 | < a 1 = 36.59635926..., they correspond to positive rational solutions to (2).
Let α = 0. Then (2) gives another Diophantine equation:
In the same way, we can obtain a rational or positive rational solutions of it. For example, let x 1 = 10, β = 18. Then the quartic curve:
3 has a rational point (t, v) = (5, 30) and can be regarded as an elliptic curve over Q that has rank 2. It is birationally equivalent to: E : y 2 + 41789 285 xy + 133760y = x 3 − 76876021 324900
From this, we can compute positive rational solutions. For example:
. The case of β = 0 will be discussed briefly in 4.2.
5.
Parameters (x 1 , α, β) from Trivial Solutions 5.1. There are several trivial solutions; for example:
We call solutions to (2) which consist of 0, ±1 trivial. We are going to check some of them to search integer (or positive) solutions.
A solution to (2) may decide parameter. For example, When X 1 = 1, X 2 = 1, X 3 = 1, we get (x 1 , α, β) = (0, 1, 1). Then:
has a singular point (t, v) = (0, 0) and can be parametrized by one parameter. Let us divide both sides of C by t 4 and substitute 1/t, v/t 2 for s, w respectively. Then:
has a rational point (s, w) = (1, 0). Hence we can parametrize rational points on C and integer solutions to (2) . That is to say we have: where k = 2. Since X 1 = X 2 = X 3 = Y 3 , this solution also gives positive solution to another Diophantine
From another trivial solution:
1 5 + 0 5 + 0 5 = 1 3 + 0 3 + 0 3 we can decide parameters (x 1 , α, β) = ( 1 2 , 0, 0). Then:
is an elliptic curve defined over Q with rational point (t, v) = ( 1 2 , 1 2 ). It is birationally equivalent to:
E : y 2 + 4 3 xy + 2 3 y = x 3 + 5 9
over rational field and has rank 1. Hence we can apply the method of Section 3 to compute positive solutions to (2) . For example: 
